Abstract. We approximate a (spatially cutoff) (~4)2 Euclidean field theory by an ensemble of spin 1/2 Ising spins with ferromagnetic pair interactions. This approximation is used to prove a Lee-Yang theorem and GHS type correlation inequalities for the (q~)2 theory. Application of these results are presented.
Introduction
Rigorous tools in the theory of the Ising model fall roughly into two classes. Certain results have only been proven directly for what we will call "classical Ising models" by which we mean ferromagnets with spin 1/2 (i.e. si can have the values + 1) spins and pair interactions. Others hold for "general Ising models" by which we mean that arbitrary (ferromagnetic) many body interactions are allowed and that individual spins can take an arbitrary set of values (including continuous values) with fairly arbitrary uncoupled single spin probability distributions. The first class includes the zero theorem of Lee and Yang [15, 1] and the correlation inequalities of the Griffiths-Hurst-Sherman (GHS) type [8] . The second class includes the correlation inequalities of Griffiths, Kelly, and Sherman (GKS) [6, 13] [16, 12] can be approximated by general Ising models. As a consequence of this approximation (which they called the "lattice approximation") they were able to prove GKS and FKG inequalities. Our goal in this paper is to investigate the possibility of approximating such field theories by classical Ising models.
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The idea of the approximation we will use is based on a method used by Griffiths [7] to prove various results for ferromagnets where each spin can take the values -n, -n + 2 ..... n -2, n with equal weight. What was done in that case was to find a ferromagnet of n coupled spin 1/2 spins so that the probability distribution for the total spin gave equal weight to each possibility. Knowing this, if one is given a system, S, of m spin n/2 spins, sl ..... s,,, ferromagnetically coupled, one easily constructs an "analog system" of mn spin 1/2 spins {au}, 1 _<i< m, 1 <j < n, so that the ~,j are ferromagnetically coupled and so that the probability distribun tion for the random variables s, = ~ a~ in the analog system is the same j=l as in the system S. Inequalities and a Lee-Yang theorem for the system S follow from those for the analog system. Now, to approximate a P(q~)2 Euclidean field theory with a classical Ising model, we first approximate it with the lattice approximation of [-12] . Thus, it is approximated by a family of continuous spins with ferromagnetic pair interactions where each single spin has an (uncoupled) distribution proportional to exp(-Q(s)) ds. Here Q is even if P is even, and is a polynomial with degQ = degP. The next step is to realize each single spin as a limit of classical Ising systems in the sense of the last paragraph. In § 2, we will succeed in doing this if Q(s) = as 4 + bsZ(a > O, b real). The basis of our approximation is the DeMoivre-Laplace limit theorem [2,pp. 179-182] which says that a suitably scaled binomial distribution approaches a Gaussian. By using a ferromagnetic pair interaction, we can cancel the Gaussian and rescale to obtain exp (-s4). The ferromagnetic pair interaction (see the proof of Theorem 1) is of the form in which every spin interacts equally with every other spin. TJais leads, in a suitable thermodynamic limit, to the "mean-field" model of ferromagnetism [24] , and an exp(-s 4) distribution is to be expected at the critical point of such a model. (The exponent of s, 4, is f + 1 in the usual notation for critical point indices in the theory of phase transitions [26] .)
For general polynomials, Q, we only have the negative result that not all exp (-as6-bs4-cs 2) are limits of classical Ising models. In fact both the Lee-Yang theorem and the GHS inequalities fail for some ferromagnets with single spin distributions from this sixth degree class. Of course, we only know that these theorems do not hold for all (q~6) 2 theories in the lattice approximation. They could be true for all (continuous) P(4~)2 theories and only be provable by some different approximation method (although this does seem unlikely).
Given our work in § 2 (which is the technical core of the paper), we are able to prove GHS inequalities and a Lee-Yang theorem for (aq~4+b~2)2 theories ( § 3). The applications we give of these results
